A REMARK ON PROPER PARTITIONS OF UNITY. 

JOSE M. GARCIA CALCINES 

o 

(N 

^ ' Abstract. In this paper we introduce, by means of the category 

. of exterior spaces and using a process that generahzes the Alexan- 

droff compactification, an analogue notion of numerable covering 
of a space in the proper and exterior setting. An application is 
' given for fibrewise proper homotopy equivalences. 



Introduction. 



< 

(-H I The notion of numerable covering of a space is a useful tool in order to 

obtain global results from local data. Among the most successful results 
in this sense for homotopy theory we can mention the papers of A. Dold 
[1] and T. tom Dieck ^Oj, in which it is shown that being a homotopy 
equivalence or a fibration is a local property. The aim of this paper is 
J> ' to establish an analogous notion of numerable covering in the category 

^ ■ P of spaces and proper maps and to give an application. In order to do 

! so we begin in Section 1 by giving some preliminaries definitions and 

•/^ I results that will be used throughout the paper. The most important 

CN ■ tool is the category of exterior spaces [5]. An exterior space is nothing 

else but a topological space together with a distinguished collection 
of open subsets verifying certain natural conditions that capture the 
behavior of a neighborhood system ('at infinity'). Then the category 
E of exterior spaces and exterior maps appears, containing P as a full 
subcategory. Moreover, unlike P, the category of exterior spaces has 
5^ I better categorical properties, such as having all limits and colimits. It 

is for all these reasons that we have chosen E as a framework for our 
study in P. 

In Section 2 we establish the main notion of the paper, which is the 
one of proper (and exterior) numerable covering. In order to do this, 
we consider a more manageable description of the category of exterior 
spaces, based on the Alexandrov one-point compactification. Then it 
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is shown that the notion of proper numerable (for short, p- numerable) 
covering is not very restrictive. Indeed, at the end of the section we 
obtain the following result: 

Proposition. Let X be a finite dimensional locally finite CW- 
complex (for instance, any open differentiable n-manifold or any open 
PL ra-manifold) . If {Xa}a£A is a covering of X such that the family 
of their interiors {mt{Xa)}a€A also covers X and there exists a & A 
such that the complement X \ int(Xa) is compact, then {Xa}a£A is a 
p-numerable covering of X. 

Finally, using such notion of p-numerable covering, we establish in 
Section 3, an application. Consider f : X ^ Y any proper map over a 
fixed space B, that is, a commutative diagram in P: 




Theorem. If {Ba}a€A is a closed p-numerable covering of B and 
each restriction 





Bn 



is a proper homotopy equivalence over B^, then / : X — > F is a proper 
homotopy equivalence over B. 



1. Preliminaries. Proper category and exterior spaces. 

Recall that a proper map is a continuous map f : X Y such that 
f~^{K) is a compact subset of X, for every closed compact subset K 
of Y. We will denote by P the category of spaces and proper maps. 
Proper homotopy is defined in a natural way. 

As it is well known, the category P has not good categorical prop- 
erties such as limits and colimits. Therefore, many constructions can 
not be considered in this setting. In order to palliate this problem in 
P, exterior spaces were introduced in [5]. 

Definition 1. [5] An exterior space (X, S O t) consists of a topological 
space (X, r) together with a non empty family of open sets £, called 
externology which is closed by finite intersections and, whenever U 3 
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E, E G £, U G r, then U G £. We call exterior open subset, or in 
short, e-open subset, any element E E S. A map between exterior 
spaces / : {X, S C r) ^ {X', £' C r') is said to be exterior if it is 
continuous and f~^{E) G £, for all E G 

The category of exterior spaces will be denoted by E. 

For a given topological space X we can consider its cocompact ex- 
ternology Sec which is formed by the family of the complements of all 
closed-compact subsets of X. The corresponding exterior space will 
be denoted by Xcc- The correspondence X Xcc gives rise to a full 
embedding Thm. 3.2]: 

Furthermore, the category E is complete and cocomplete [S', Thm. 
3.3]. For instance, the pushout in E of / : X — )■ F and g : Y ^ Z, is 
the topological pushout 

X^^Z 

^„ J 
Y ^ YUxZ 

9 

equipped with the pushout externology, given by those E ^ZY Ux Z 
for which 'g^^[E) and / {E) are e-open. Another example is the prod- 
uct externology in F x Z, which consists of those open subsets which 
contain a product E x E' of e-open subsets of Y and Z respectively. 
More generally, the puUback in E of / : F — )■ X and g : Z ^ X is 
the topological pullback Y Xx Z endowed with the relative externology 
induced by Y x Z. (In general, the relative externology in A C X is 
given by £a:= {E D A, E E £x})- 

Now we introduce the following functorial construction that can be 
made in this setting: 

Definition 2. [5] Let X and Y be an exterior and a topological space 
respectively. On the product space X xY consider the following exter- 
nology: an open set E is exterior if for each y eY there exists an open 
neighborhood of y, Uy, and an exterior open Ey such that EyXUy G E. 
Then XxY will denote the resulting exterior space. 

Remark 3. If Y is compact, then it is not difficult to check that E 
is an exterior open in XxY if and only if it is an open set and there 
exists G E £x for which G xY <Z E . In particular, if £x = £^ and Y 
is compact, then Xcc^Y = (X x F)cc- 
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There is a cylinder functor — x / : E — t- E with natural transforma- 
tions iq, ii'. id — xJ and p: — xl ^ id obviously defined. This 
construction provides a natural way to define exterior homotopic maps 
(/ ~e g) in E. The notion of exterior homotopy equivalence comes 
naturally. 

Observe that, since XccXi = {X x I)cc (by remark [3] above), the 
cylinder functor may be restricted to the proper case, — xJ = — x / : 
P — )■ P. This functor is the one used in [I] to define an /-category 
structure (in the sense of Baues) on Pqo using proper cofibrations. 

We can also consider the category E^ of exterior spaces over a fixed 
object B. Its objects are exterior maps X ^ B, called exterior spaces 
over B, and its morphisms, called exterior maps over B are commuta- 
tive triangles in E : 



X 




B 



Remark 4. The exterior spaces and exterior maps over B are also 
called fibrewise exterior spaces and fibrewise exterior maps, respec- 
tively. 

Given f,g:X^Y two exterior maps over B, then / is homo- 
topic to g over B (or fibrewise homotopic to g), denoted f c:^b 9, if 
there exists H : X x I ^ Y a. homotopy over B between / and g. 
This means that H is an exterior map such that qH{x, t) = p{x) and 
H{x, 0) = f{x), H{x, 1) = g{x), for all x G X and t & I. The homotopy 
over B is an equivalence relation, compatible with the composition of 
morphisms. The notion of homotopy equivalence over B (or fibrewise 
homotopy equivalence) is naturally defined. The fibrewise notions can 
be restricted to the category P of spaces and proper maps. 

Now we give a more manageable description of the category of exte- 
rior spaces. Such description will be crucial for our main notion, given 
in the next section. We shall consider what we call the category of 
oo-spaces. 

Definition 5. An oo-space is a pointed space (X, xq) such that {xq} is 
closed in X. An oo-map is a pointed map / : (X, xq) — )■ {Y, yo) verifying 
/~^({?/o}) = {xq}. We write Top°° for the corresponding category of 
oo-spaces and oo-maps. 

Proposition 6. There is an equivalence of categories E ^ Top°°. 
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Proof. If (X, Ex C Tx) is an exterior space and cxd is a point which does 
not belong to X, then we consider the pointed space X°° — X U {00} 
with base point 00, equipped with the topology 

r°° = Tx U U {00} : E eex} 

Given / any exterior map, f°° is obviously defined. Thus we obtain 
a functor (— )°° : E Top°°, which is an equivalence of categories. 
Indeed, the quasi- inverse of (— )°° is the functor Top°° — > E defined as 
follows: 

Let {X,xq) be any object in Top°°; then we take the exterior space 
X — X \ {xq} whose topology and externology are given as 

rx^{A\ {xo} : A e tx}, 



ex^{A\ {xo} ■.AeTx,xoe A}. 

Observe that Tx C tx since X\{xo} e tx- The definition on morphisms 
is given by the obvious restriction. □ 



The functor (— )°° is closely related to the Alexandroff compactifica- 
tion functor. Indeed, if X is any topological space and we consider X^c 

the cocompact externology, then it is clear that (Xcc)°° = X~^ is the 
Alexandrofi^ compactification of X. There is a commutative diagram of 
functors and categories 




where (—)'*' : P Top°° is the functor induced by the Alexandroff 
compactification construction. Consequently, the functor (—)"'" is a full 
embedding; furthermore, (—)'*' induces an equivalence 

Pi^H ^ Top~ 

between the full subcategory Pich of P whose objects are locally com- 
pact Hausdorff spaces and the full subcategory Top^ of Top°° whose 
objects are based compact Hausdorff spaces. Here, the condition of be- 
ing Hausdorff cannot be removed. For instance, if 2^ denotes the space 
given by the set 2 = {0, 1} with the Sierpinski topology t = {0,2,{O}}, 
then 2s does not come from the Alexandroff compactification. 
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2. Proper and exterior numerable coverings. 

In this section we will establish the notion of proper (more generally, 
exterior) numerable covering of an exterior space. In order to obtain 
such notion we need the functor {—)°° : E — > Top°°. Recall that a (not 
necessarily open) covering W of a space X is said to be numerable if 
U admits a refinement by a partition of unity (see ^ or |3] for more 
details). It is well known that any open covering of a paracompact 
space is numerable. 

Definition 7. Let X be an exterior space and U = {f/j}jg/ a covering 
of X. Then U is said to be an exterior numerable covering (for short, 
e-numerable covering) of X if 

= {U, U {oojhei 

is a numerable covering of the topological space X°°. In particular, 
when X is a cocompact exterior space (i.e., X has the cocompact ex- 
ternology), then we say that W is a proper numerable covering (or 
p-numerable covering) of X. 

Although at first sight the notion of e-numerable covering might 
seem too restrictive we will see that it turns out to be far from the 
case. Indeed, we will prove that for a wide class of exterior spaces X, 
namely the exterior CW-complexes, we have that is a paracompact 
space. Therefore, any open covering of X is an e-numerable covering, 
as long as there exists a member of the covering which is an exterior 
open subset. 

Definition 8. [B] An exterior CW-complex consists of an exterior space 
X together with a filtration = X'^ C X° C C . . . C X„ C . . ., 
such that X is the colimit of this filtration and for each n > 0, X" is 
obtained from X"~^ by an exterior pushout of the form 



U^er©"-' ^^^^^ X'' 



Ll7grV'7 



X" 



Here denotes either the fc-dimensional sphere S'' (with its topology 
as externology) or the fc-dimensional N-sphere NxS^. Analogously 
S'^ denotes either the classical disc D'' or NxD*^, the N-disc. We 
point out that the inclusion 



1 ^ r£,k j-Qga^j2g either S'' ^ ^ or 
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Observe that every classical CW-complex X with its topology as ex- 
ternology is an exterior CW-complex. Moreover, the class of exterior 
CW-complexes contains many spaces in P; for instance, if X is any fi- 
nite dimensional locally finite CW-complex, then X^c has the structure 
of an exterior CW-complex. In order to see this fact one has just to 
take into account the following result: 

Lemma 9. [71 Prop. 2.3] Consider the pushout in E of / : A — )■ Xcc 

and g : A ^ Ycc 



A 



X., 



Yr, 



Xcc Ycc 



in which X, Y are Hausdorff, locally compact spaces, and A is a Haus- 
dorff, locally compact exterior space. Then, the pushout externol- 
ogy is contained in the cocompact externology in X VJa Y. Further- 
more, if / and g are proper maps and / (or g) is injective, then 

Xcc Ua Ycc = {X Ua Y)cc. □ 

In particular, suppose that M is any open differentiable n-manifold 
or any open PL n-manifold. As a differentiable manifold M admits a 
triangulation and therefore a structure of a finite dimensional locally 
finite CW-complex. Consequently Mcc can be seen as an exterior CW- 
complex. 

Remark 10. If X is a strongly locally finite CW-complex (not nec- 
essarily finite dimensional) , then each skeleton X"" equipped with its 
cocompact externology is an exterior CW-complex. Furthermore, X to- 
gether with the colimit externology (i.e., the externology given by those 
open subsets E G X such that E fl X" is cocompact in X", for all n ) 
has the structure of an exterior CW-complex. Note that, in the non fi- 
nite dimensional case, the colimit externology in X need not agree with 
the cocompact externology and therefore X might not be considered as 
an space in P. 

For an exterior CW-complex X, X°° need not be a classical CW- 
complex. For instance, if X = NxS"^ we have that X°° = X"*" is the 
Alexandorff compactification, which is not a CW-complex since the 
property of being locally contractible fails at oo G X+ (see the figure 
below) 
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What is clear is that (6^)°° = and {D'')°° = are para- 

compact Hausdorff spaces (and therefore normal spaces). Next we state 
some technical results that will help us to reach our aim. Given m 
any infinite cardinal number, a topological space X is said to be m- 
paracompact if for any open covering with cardinal < m it admits a 
locally finite refinement. Then X is paracompact if and only if X is 
m-paracompact for any infinite cardinal number m. 

A topological space X is said to have the weak topology with respect 
to a closed covering {^aIasA if for any A' C A we have that every 
subset C C UasA' which verifies that C H Ax is closed for all A G A' 
then C is closed in X. Every topological space has the weak topology 
with respect to any locally finite closed covering. 

Lemma 11. ^ Th.3.1] If a topological space X has the weak topol- 
ogy with respect to a closed covering {Aa}a£A where each Aa is m- 
paracompact and normal, then X is also m-paracompact and normal. 

□ 

Lemma 12. [9, Th.3.4] Let X be a topological space and {A„}J^q 
a countable closed covering such that if C C X verifies that C H An 
is closed for all n implies that C is closed in X. If each An is m- 
paracompact and normal, then X is also m-paracompact and normal. 

□ 

Now recall that given any map f : C ^ Y, where C is a closed 
subespace of a space X, the adjunction space X UfY is the pushout 



X ^ XUfY 

Lemma 13. [81, Cor.l] Consider X,Y m-paracompact and normal 
spaces, C a closed subespace of X and f : C ^ Y any map. Then the 
adjunction space X UfY is m-paracompact and normal. □ 
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Using the above results one can prove the following proposition. 



Proposition 14. If X is an exterior CW-complex, then is a para- 
compact space. 

Proof. Since {—)°° '■ E — )■ Top°° is an equivalence of categories, in 
particular it preserves all small limits and colimits. This fact implies 
that: 

(i) = colim(X")~; that is is the union of all with 
the hypothesis of lemma [121 

(ii) and are related through the topological pushout 



V,,r(er^)- 



71— 1\00 



That is, every (X")°^ is an adjunction space. 

The combination of lemmas [TTl [T2] and [T3] together with an easy in- 
duction argument permit us to prove the result. The details are left to 
the reader. □ 

As corollaries we obtain the following results. 

Proposition 15. If U is an open covering of an exterior CW-complex 
X where at least one of its members is an exterior open subset, then 
U is an e-numerable covering of X. □ 

Proposition 16. Let X be a finite dimensional locally finite CW- 
complex (for instance, any open differentiable n-manifold or any open 
PL n-manifold). Then, its Alexandroff compactification X^ is para- 
compact. As a consequence, if {Xa}a£A is a covering of X such that 
the family of their interiors {va.t{Xa)}oi&A also covers X and there ex- 
ists a & A such that the complement X \ 'mi{Xa) is compact, then 
{Xa}a€A is a p-numerable covering of X. □ 



3. An APPLICATION: THE FIBREWISE PROPER HOMOTOPY 

EQUIVALENCES. 

In this section we will give an application. Namely, we will prove 
that the fibrewise proper homotopy equivalences satisfy a local to global 
type theorem. For this aim we first translate the corresponding notions 
to the framework of exterior spaces, or oo-spaces. First of all, we note 
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the following important fact, connecting the (fibrewise) proper homo- 
topy equivalences and their exterior counterpart. Its proof is routine 
and left to the reader. 

Proposition 17. Let S is a fixed topological space and f : X a, 
proper map over B, that is a commutative diagram in P 



X >y 




B 



Then / is a proper homotopy equivalence over B if and only if f^c is 
an exterior homotopy equivalence over Bcc- □ 

We want to connect this result with the category of oo-spaces. 

3.1. Fibrewise homotopy equivalences in Top°°. Let {X,xo) be 
an oo-space. Its pointed cylinder h{X) is just the quotient space 
h{X) — {X X I)/{{xo} X /) coming from the topological pushout 

{Xo} X I 5^ * 



XxI^^h{X) 

Observe that is again an oo-space since 7r~^(*) = {xq} x / is 

closed in X X / and therefore * is closed in I*{X). This construction 
gives rise to a functor 

h ■■ Top°^ ^ Top°° 

The pointed cylinder is also equipped with natural transformations 
io,ii '■ X — )■ and p : ^ X in Top^. This way a notion 

of homotopy comes naturally: Given f,g:X^Y oo-maps we say 
that / is oo-homotopic to g (/ ~oo g) if there exists F : h{X) — >■ Y 
an oo-map such that FtQ = f and Fii = g. However we may also use 
the non-pointed cylinder; it is straightforward to check that / ~oo 9 if 
and only if there exists a continuous map F : X x I ^ Y such that 
F~^{{yo}) = {xq} X I (in particular is a classical pointed homotopy) 
and F{x,0) — f{x), F{x, 1) = g{x), for all x & X. The notion of oo- 
homotopy equivalence (resp. oo-homotopy equivalence over B) comes 
naturally. 

The next result explores the connection between the cylinder con- 
struction in Top°° and E. 
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Lemma 18. Let X be any exterior space. Then there exists a natural 
isomorphism in Top°° 

(Xx/)°° ^ /*(X°°) 

Proof. Recall that /,(X°°) = (X°° x /)/({cx)} x /) where vr : X°° x 
/ — i- /*(X°°) denotes the canonical projection. We define the oo-map 
: (Xx/)°° /*(X°°) by = 7i{x,t), for (x,t) G X x /, and 

<^(oo) = *. Then we have that (p is an isomorphism. Indeed, the map 
h : X°° X / (XxJ)°° given by h{x,t) = {x,t) and h{oo,t) = oo, 
satisfies h{{oo} x I) = {00} (moreover, h~^{{oo}) = {00} x /) and it 
induces an oo-map ip : J^,(X°°) — > (Xx/)°° such that ipn = h. One can 
straightforwardly check that ipcp = id and (pip = id. □ 

Remark 19. In the proper case, the above result can be read as 

(X X /)+ ^/,(X+) 

That is, given any space X, the Alexandroff compactification of the 
cylinder X x I is, up to isomorphism in Top°°, the pointed cylinder of 
the Alexandroff compactification of X. 

As an immediate result, given f,g : X exterior maps, we have 
that f 9 and only if f°° ~oo 9°°- Moreover, 

Proposition 20. Let i? be a fixed exterior space and / : X — )■ F an 
exterior map over B. Then / is an exterior homotopy equivalence over 
B if and only if f°° is an 00-homotopy equivalence over B°°. □ 

Now we establish our result. But first we need the following notions 
and results related to the classical topological case. Their proofs can 
be found in [1], [3] or [11]. 

Recall that given B a topological space, a halo around A G B is a 
subset V G B such that there a continuous map r : i? — )■ [0, 1] with 
A C T~^(l) and B \ V G r~^(0). A continuous map p : E ^ B is said 
to have the Section Extension Property (SEP) if for every A G B and 
every section s over A which admits an extension as a section to a halo 
V around A, there exists a section S : B ^ E over B with S\a = s. 
(In particular, if p has the SEP then p always has a section by taking 
A = (a = V.) 

Consider the category Top^ of topological spaces over a fixed space 
B and maintain the same notation and terminology as the ones given 
for the exterior case. That is, we shall deal with spaces and maps 
over B (or fibrewise spaces and maps) and fibrewise homotopies, also 
denoted as ~^ . Then it is said that p : E ^ B is dominated by 
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p' : E' ^ B if there exist fibrewise maps f : E ^ E' and g : E' ^ E 
such that gf —B ids- 

By a shrinkable space over B we mean any space over B which has 
the same fibrewise homotopy type as the identity ids '■ B B. 

Proposition 21. [H Prop. 2. 3] Suppose that p : E ^ B is dominated 
by p' : E' B. If p' has the SEP, then so does p. In particular, every 
shrinkable space has the SEP. □ 

Lemma 22. [4^ Cor. 2. 7] Let p : E ^ B a. continuous map and {VaIasa 
a numerable covering of B. If each restriction px '■ P~^{Vx) — )■ Va is 
shrinkable (over Va) then p is also shrinkable. □ 

And the last technical previous result. Let 

X 





B 

be a fibrewise map. We can consider the following subspace of X xY^ : 

R= {(x,7) eX xY^ -.pix) = g7(t),Vt e I, and 7(1) = f{x)} 
together with the map q : R Y defined as q{x, 7) = 7(0). 

Lemma 23. [4, Lem.3.4] If / : X — )■ F is a homotopy equivalence over 
B, then q : R ^ Y is shrinkable. □ 

Finally, we establish our theorem as application. Consider / : X — )■ 
Y any exterior map over a fixed exterior space B 

f 

X ^Y 

B 

If {Ba)a^A is covering of B we will write, for each a 

Y V 





9a 

B." 



where X^ = p ^(-Ba), Ya = q ^(-Ba) and fa, Pa and denote the 
natural restrictions. 
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Theorem 24. If {Ba}aGA is an e-numerable covering of B and each 
fa is an exterior homotopy equivalence over Ba, then / : X — )■ F is an 
exterior homotopy equivalence over B. 

Proof. By Proposition |20] we can assume that we are working in Top°°, 
and by abuse of language we can use the same notation for the corre- 
sponding objects and maps. That is, we can think that 




is a commutative diagram in Top°° and {Ba}a&A is a classical numer- 
able covering of B such that the base point bo & B belongs to each Ba. 
Moreover, each /„ is an oo-homotopy equivalence over Be,. We shall 
denote by xq and yo the respective base points of X and Y. 

Now, for every a E A, let f' '■ Ya ^ Xa denote a fibrewise oo- 
homotopy inverse. As the fibrewise homotopy equivalences in Top°° 
are, in particular, classical fibrewise homotopy equivalences, we can use 
the previous results. By Lemma [23] we have that each qa ■ Ra ^ Xa 
is shrinkable, where 

Ra = {(a;,7) eXaX Y^ : Pa{x) = qalit), Wt el and 7(1) = /^(x)} 

Therefore, by Lemma [22] we have that q : R ^ Y is also shrinkable. In 
particular q has the SEP so there exists a section S = (/', 9) : Y ^ R. 

First of all we observe that q : R ^ Y is an 00-map, being (xq, Cy^) 
the base point of R (here Cy^ denotes the constant path). Indeed, if 
(x, 7) G R satisfies g(x, 7) = 7(0) = yo then we have 

p{x) = g(7(0)) = q{yo) = bo 

so that X = Xo- On the other hand, for any t G / we have 

= p(x) = p{xo) = bo 

so 7 = is the constant path and we conclude that (x, 7) = (xq, Cy^). 

Being 5* a section of the 00-map q we also observe that, necessarily 
S : Y ^ R must be an 00-map. Indeed, if S{y) = {xo,Cyg) then 
y = (lS{y) = q{xo,Cyo) = yo, so that S-\{{xo,Cy^)}) = {yo}. 

Recall that S is of the form S{y) = {f'{y), 0{y)) where /' is a map /' : 
y — )■ X over B and 6' is a map 9 : Y ^ X^ , which induces, in a natural 
way, a homotopy Q : Y x I ^ X over B, given by Q{y,t) = 9{y){t). 
Since S is an 00-map it is straightforward to check that /' is also an 
00-map and that 0~^({xo}) = {yo} x /. Moreover, : idy —b ff in 
(Top-)b. 



14 



JOSE M. GARCIA CALCINES 



It only remains to prove that there exists 6' : idx —b f'f in 
(Top°°)b- Applying the above reasoning to /' we have that there exist 
f" :X over B and O' : idx f'f" in (Top~)b. But 

ff = f'idyf" ^B f'f f'f" ^B f'f idx = f'f 

so idx ^B f'f- □ 

This result has a very interesting proper counterpart. Indeed, con- 
sider f : X ^ Y any proper map over a fixed space B, that is, a 
commutative diagram of proper maps 

f 

X ^Y 

B 

Then we obtain as a corollary the corresponding theorem in the proper 
setting: 

Theorem 25. If {Ba}a^A is a closed p-numerable covering of B and 
each restriction 



p-\B^) ^- ^q-\B^) 



Pa \ / Qa 

B„ 



is a proper homotopy equivalence over B^i then / : X — > y is a proper 
homotopy equivalence over B. □ 



References 

[1] R. Ayala, E. Dominguez and A. Quintero. A theoretical framework for proper 
homotopy theory. Math. Proc. Camb. Philos. Soc. 107 (1990) 475-482. 

[2] H.J. Baucs and A. Quintero. Infinite homotopy theory. K -Monographs in Math- 
ematics, 6, Kluwer Academic Pubhshers, Dordrecht, (2001). 

[3] Dieck, T . torn ; Kamps, K .H . ; Puppe. Homotopietheorie. Lecture Notes in 
Mathematics, N°157, Springer- Vcrlag (1970). 

[4] A. Dold Partitions of Unity in the Theory of Fibrations. Annals of Mathemat- 
ics, vol. 78, n°2 AMS, 1963, 223-255. 

[5] J.M. Garcia-Calcines, M. Garcfa-Pinillos and L.J. Hernandez-Paricio. A closed 
model category for proper homotopy and shape theories. Bull. Austral. Math. 
Soc. 57:2 (1998) 221-242. 

[6] J.M. Garcfa-Calcincs, M. Garcfa-Pinillos and L.J. Hernandez-Paricio. Closed 
simplicial model structures for exterior and proper homotopy theory. Appl. 
Categ. Structures 12(3) (2004), 225-243. 



A REMARK ON PROPER PARTITIONS OF UNITY 



15 



[7] J.M. Garcia-Calcincs, P.R. Garci'a-Diaz and A. Murillo-Mas. A Whitehead- 

Ganea approach for proper Lusternik-Schnirelmann category. Math. Proc. 

Camb. Phil. Soc, 142:3 (2007), 439-457. 
[8] V.J. Mancuso. Retraction in m-paracompact spaces. Proc. Amer. Math. Soc. 

18 (1967). 1080-1083. 
[9] K. Morita. Paracompactness and product spaces. Fund. Math. 50 223-236 

(1961) 

[10] T. torn Dicck. Partitions of unity in homotopy theory. Compositio Math. 23 
159-167 (1971). 

[11] A. Tomoda. Partitions of Unity in the Theory of Fibrations. Thesis. Depart- 
ment of Mathematics and Statistics. Univ. of Calgary 
[12] M. Tsuda. On adjunction spaces. Proc. Japan Acad. Vol. 38, n°l (1962), 23-26. 

J.M. Garcia Calcines 

Departamento de Matematica Fundamental 
Universidad de La Laguna 
38271 La Lacuna, Spain. 
E-mail address: jmgarcal@ull.es 



